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expanded coil conformation of the sort adopted by neu-
tral polymers in good solvents may be reached in highly
concentrated polyelectrolyte solutions without added salt.
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ABSTRACT: The deformation of polymers modeled as bead-and-spring chains in simple shear flow is
studied by Brownian dynamics simulation including hydrodynamic interaction (HI) effects. Previous the-
ories neglecting HI, which are confirmed by our simulations, predicted that deformation scales with N*,
where N is the number of polymer units. Our results with nonpreaveraged HI give also an exponent of
roughly 4, although the deformation is about half that predicted neglecting HI. Comparison with experi-
mental data is made. We also discuss the utility of the dumbbell model for the representation of flexible
polymers and the relative importance of spring stretching and alignment in the deformation of the chain.

Introduction

The theoretical study of the behavior of polymer chains
under solvent flow presents difficulties, most of which
are due to the hydrodynamic interaction (HI) between
chain elements. Thus, it is usual to neglect hydrody-
namic interaction effects in analytical calculation of rheo-
logical properties.! In some instances, hydrodynamic inter-
actions can be introduced in an averaged form. Thus
the theories are able to make qualitative or semiquanti-
tative predictions that are quite useful. However, in some
cases, the properties are quantitatively influenced, to a

* To whom correspondence should be addressed.
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significant extent, by hydrodynamic interactions. In a
recent paper,” we have shown that hydrodynamic inter-
action effects can be studied by computer simulation of
the Brownian dynamics of the polymer chain in a flow-
ing solvent.

In our previous study, we considered the most simple
and common model in polymer rheology, the elastic dumb-
bell, in a simple shear flow. We evaluated, as a function
of shear rate, the dumbbell extension, which mimics the
end-to-end distance of the polymer molecule, and the com-
ponents of the stress tensor. Apart from its evident influ-
ence on material properties, we detected that nonpreav-
eraged HI modified appreciably the square end-to-end
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Table I
Simulation Results for (R2) in the Absence of HI and Including HI with h* = 0.25
N
¥ 3 4 5 8 12 20
Without HI
0 2.01 £ 0.02 2.98 £ 0.06 4,18 £0.08 7.27 £ 0.04 11.6 £ 0.2 22.0£ 0.3
0.5 2.07 £0.03 3.14 £ 0.04 4,27 £ 0.08 89+0.2 20.1+ 0.2 1768
1.0 2.14 £ 0.06 3.25 £ 0.04 4.60 £ 0.04 128+ 0.7 52+ 2 722 £ 60
2.0 2.28 = 0.01 3.76 £ 0.03 5.9+ 0.2 28+ 3 166 £ 3 1970 £ 70
3.0 2.46 £ 0.08 4.64 £ 0.08 8.5+ 0.4 505 378 10 5000 £ 300
4.0 2.70 £ 0.03 5.77 £ 0.05 116+0.1 95+ 8 645 % 20 8824 = 600
5.0 2.96 £ 0.03 7.1%£0.3 16.3x0.9 130 £ 10 956 £ 6 13800 £ 900
With HI

0 2.03 £ 0.06 2.94 + 0.07 41+0.1 7.0+0.1 10.69  0.06 19.0+ 0.1
0.5 2.02 £ 0.05 3.02 = 0.06 4.26 £ 0.06 7.47 £ 0.02 156 £ 0.1 567
1.0 2.2+0.1 3.26 £ 0.03 46 £0.1 9.2+ 0.2 26.0 £ 0.5 176 £ 20
2.0 2.30 = 0.05 3.7+£0.1 5802 17.3£0.3 74£3 1242 + 100
3.0 2.70 = 0.04 4.64 = 0.04 7.7+£0.3 23.3+£0.3 160x1 2684 = 150
4.0 2.90 + 0.03 5.65 £ 0.01 109+ 0.1 48.1+ 0.4 326+ 13 4368 + 650
5.0 3501 6.9% 0.2 120+ 0.6 543 470 £ 50 6700 £ 700

distance (R?), which was found to be about 25% larger

than the value calculated in the absence of hydrody- Z 5

namic interactions® when the shear rate was on the order 3

of Ay = {/4H, where { is the friction coefficient of the S 4] N g

beads and H is the force constant of the spring. \E 2 8 x

Here we report results obtained by Brownian dynam- Qj 3

ics simulation with nonpreaveraged HI for conforma-

tional averages of Gaussian bead-and-spring chains in sim- -

ple shear flow. In addition to (R?), we investigate the a &

different degree of extension of central and terminal springs 4 8 s

and the averages of the angles between contiguous con- Z o

nector vectors, The influence of HI on these conforma- g 3

tional aspects is considered. Studying such influence as E 8

a function of the number of chain elements, we arrive at g]" 2 o x

some conclusions about the representativeness of the ]

dumbbell model (N = 2) for polymer chains. o To.05 T04 'o15 ‘o2 /N

Methods

As in our previous paper, we have simulated Brown-
ian trajectories of the polymer chain by means of the
Ermak-McCammon algorithm,* which includes hydro-
dynamic interactions. A similar algorithm has been used
recently by other authors.®¢ The polymer model is sim-
ply a bead-and-spring chain with beads of radius ¢ and
springs of root-mean-square length b. Excluded volume
effects are neglected. Hydrodynamic interactions are rep-
resented by a Oseen tensor with an ad hoc modification
for overlapping beads.” For the highest N’s, the first-
order Ermak-McCammon algorithm is somewhat slow,
and we tried a second-order algorithm of the Runge-
Kutta type, which is under development.® In the simu-
lations, all the physical quantities are handled in dimen-
sionless form, as in the previous paper. Thus, length is
expressed in units of b, energy in units of kT where k is
the Boltzmann constant and T is the absolute tempera-
ture, translational diffusion in units of k7'/¢, and time
in units of ¢b2/kT. In this way we have (numerically) b
=1,kT=1,{=1,H=3,and Ay = 1/12. In the case of
simulations with hydrodynamic interactions we set the
hydrodynamic interaction parameter h* = 0.25, corre-
sponding to ¢ = 0.256.

The size of the time steps in Brownian dynamics is
critical. At must be as small as possible as required by
the assumption that the diffusion matrix and the forces
at the beads along the steps can be approximated by the
initial value. A detailed study of the discretization of
time has been described.® On the other hand, for a fixed
number of steps, a large At gives longer trajectories that

Figure 1. Deformation of the polymer coil, §, obtained from
the results in Table I, plotted versus 1/N. (O)y =2; (@) v =
3; (a) v = 4; (X) ¥ = 5. The values of N used in this plot are
such that their logarithms are the mean of those of the two N's
used to evaluate é as a ratio of finite differences.

cover better the conformational space. After some tri-
als, the time step in the simulations was finally set to At
= (.01 in reduced units. We observed that halving the
time step had no appreciable influence on the final results.
Typically, we generated four or five Brownian trajecto-
ries of about 5 X 10* steps each. At any rate, the valid-
ity of our working conditions is confirmed by the good
agreement of the simulation values with some available
theoretical results (vide infra). The final results are the
means and standard deviations of the conformational aver-
ages evaluated for each subtrajectory.

Results and Discussion

Overall Dimensions. Simulations were carried out
for chains up to N = 20 beads (N — 1 bonds) and shear
rates up to ¥ = 5 in reduced units. We report first the
results obtained for the mean-squared end-to-end dis-
tance, (R?%), and the mean-squared radius of gyration,
(82). Tables I and II contain the values obtained with
and without HI. We also obtained a set of values in the
absence of hydrodynamic interactions. The results with-
out HI were found to be in very good agreement with
the analytical result®

(R%) o1 = (RHo(1 + (1/45)N(N + DH(N? + 1)>\H2~;2)(1)
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Table II
Simulation Results for ($?) in the Absence of HI and Including HI with h* = 0.25
N
y 3 4 5 8 12 20
Without HI
0 0.460 £ 0.005 0.650 £ 0.011 0.838 + 0.008 1.372 £ 0.011 2.081 £ 0.009 3.7£0.2
0.5 0.485 £ 0.005 0.67 £ 0.02 0.861 £ 0.012 1.62 = 0.06 3.21 £0.04 23.0£ 1.1
1.0 0.050 £ 0.010 0.691 £ 0.011 0.92 = 0.02 2.09 £0.13 7.36 £ 0.18 859
2.0 0.520 £ 0.005 0.772 £ 0.012 1.125 £ 0.003 4,28 + 0.14 219+ 0.5 252+ 8
3.0 0.555 £ 0.005 0.90 + 0.03 1.47 £ 0.02 7.6£0.3 495+ 1.3 630 = 40
4.0 0.590 £ 0.005 1.061 & 0.012 1.952 £ 0.005 13.1+0.6 844 1100 = 80
5.0 0.640 £ 0.011 1.31 £ 0.03 2.65 £ 0.05 16.7+ 0.9 124 £ 13 1700 = 15
With HI
0 0.451 £ 0.012 0.623 £ 0.007 0.79 £ 0.05 1.31 £ 0.03 1.964 % 0.006 3.32+0.11
0.5 0.455 £ 0.005 0.64 £ 0.02 0.85 % 0.03 1.386 £ 0.014 2.609 £ 0.018 7.9£1.1
1.0 0.471 % 0.009 0.67 £ 0.02 0.93 £ 0.08 1.57 £ 0.03 4,01 £ 0.04 23%£3
2.0 0.515 + 0.015 0.751 £ 0.005 1,11+ 0.03 2.71 £ 0.06 102+ 04 119+ 8
3.0 0.579 £ 0.005 0.89 £ 0.02 1.33 £ 0.05 3.33+£0.11 22.5 £ 0.7 353+ 5
4.0 0.611 £ 0.005 1.057 £ 0.003 1.82 £ 0.08 6.57 £ 0,14 403 1.0 568 = 85
5.0 0.73 £ 0.03 1.27 £ 0.07 2.09 £+ 0.03 7.3%£0.9 622+ 1.5 860 = 90
1 ues N, and N, respectively. Results of o obtained for
7 o discrete N’s should converge to a limiting value for N —
09 2 8 , The extrapolation to that limit is attempted in Fig-
08 o ure 1, where the abscissa is 1/N’, withIn N’ = (In N, +
I F In N,)/2. The individual values of o have a statistical
“ o7 uncertainty of up to £0.5, so that this should be roughly
T ] . the error of the limiting values.
~  og ° The noHI values extrapolate clearly to apur = 4, in
05 o agreement with the theory for this case. The extrapola-
] LI ° tion in the HI case is more problematic because of the
0.4 o x curvature (or undefined behavior) at low N and the large
statistical errors in that region. Indeed, in a previous
03 T ) T T report of this work, in which we reached N = 8 only, we
0.05 01 015 02 0.25 estimated a limiting a of about 2. Fortunately, the results
Wn seem to converge at high N. Thus, we have « = 4.1, 4.5,

Figure 2. Ratios dy;/8,u1 versus 1/N. The data points are
as in Figure 1.

where (R%), = (N - 1)b® is the value in the absence of
flow (v = 0). Actually, the difference between the sim-
ulated values and those from eq 1 was 3% in the worst
case (highest N and v) and always was smaller than the
simulation uncertainty.

The polymer deformation can be measured by the rel-
ative increase, 8, in (R?):

_(RY
(R%)q
Values of & with and without HI are immediately

obtained from the results listed in Table I. According
toeql

-1 (2

Spor = (1/4B)N(N + D(N? + DA™y 3)

$0 that 8,y scales as v2 for any N. From log-log plots
of & versus ¥, we found that the exponents for all the N'’s
were between 1.9 and 2.0 both in the noHI case (in agree-
ment with the theory) and in the HI case. Thus, the
hydrodynamic interaction does not change the power-
law dependence of the polymer deformation on shear rate.

We assume that if N is high enough, é for fixed v fol-
lows a scaling law:

6« N® 4

Indeed, eq 1 predicts « = 4 for the noHI case. From
our numerical results we estimate the exponent as o =
dIné/dIn N. Actually the derivative was approximated
by the quotient of finite differences, i.e.

Iné,)/(n N;—1In N,) (5)
0, and 8, are the deformations corresponding to two val-

o (ln52_

4.0, and 4.1 for v = 2, 3, 4, and 5 in the region of N =
12-20. It seem therefore reasonable to forecast that ayy;
= 4, i.e., so that the scaling law, eq 3, would be the same
with and without hydrodynamic interactions.

In addition to (R?), the mean-squared radius of gyra-
tion, (S?) was used to characterize the conformation of
the chains in the shear flow. The values obtained from
the simulations are listed in Table II. The polymer defor-
mation can also be expressed in terms of (S?). By anal-
ogy to eq 2 we define another deformation ratio

(S%
= - )
b (32)0
where
_ 2
(SZ)O = wb_ (7

6N

is the value in the absence of flow. A theoretical
result!®!! is available for the noHI case for high N

Buour = (16/945)N*A*y* (N — =) 8

Our values for N = 3, 4, 5, 8, 12, and 20 agree within
their statistical uncertainties with eq 8.

Our By values were analyzed for their dependence on
N and ¥ in the same manner as we did for &y As
expected, By scaled with v2 and the exponent in N showed
the same trend as before; the values found for N = 12~
20 were 4.2 £ 0.5, 4.5 £ 0.4, 4.1 £ 0.1, and 4.1 * 0.4 for
vy = 2,3, 4, and 5, respectlvely It seems that for (S2)
the chaln -length exponent is also 4.

As far as we know, there have not been many exhaus-
tive investigations of the molecular weight dependence
of the deformation of polymer chains in steady shear flows.
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Table III
Ratio (b.2)/(bZ) of Square Length of the Central Spring to That of the Terminal One

20

12

HI noHI HI noHI HI noHI HI

noHI
00 £ 0.03

u = b~ o o)

e = =
ooogog
HHHGHG

o wa Moy
=S NN N
M - 0D O~
-
E=SES
ScsSSSS
HHHHHAH
grezes
NI S
- S
- O

04
03
05
07
09
11

1
1
1
2
3
4

02
04
07
14
19
08

1
1
2
4
5
6

0.019
04
03
07
06
10

1
1
1
2
2
2

04
04
03
05
03
07

1
1
1
1
1
1

008 + 0.017
03 £ 0.03
13 £ 0.04
19 £+ 0.05

09 £ 0.05

1
1
1
1
1
1

Table IV
Averages of the Cosines of Same Angles between Adjacent Bonds

=20

(cos ag), N

noHI

=20

(cos a;), N

noHI

=8

(cos ag), N

noHI

=8

(cos o), N

noHI

=3

(cos ay), N

noHI

HI

HI

HI

HI

HI
00 £ 0.03

02
04
03
03
02
03

0
0.
0
0
0
0

672 £ 0.012
78 + 0.02
861 + 0.012

53 + 0.03
83 + 0.02

[\ M~
SSNNNNN
sseecee
HpScScces
TIHHAHHH
MO M =
=83IEERT
feoscSsSs
TN NN~
-l = ey e g
coaeeee
oogoooo
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[ ] < = O =
KSoEL X
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01 -0
0
0
0
0
0
0

01
01
01
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01
02

0
_0
0
0
0
0
0

02 + 0.02
008 + 0.018
010 £ 0.006
067 £ 0.006
07 £ 0.03

0.
0
0
0
0
0

012

007
005
006
009
009

0
0
1
2
3
4
5
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We are only aware of a recently published work? in which
the shear-induced deformation of polystyrene in a good
solvent was measured by small-angle neutron scattering.
We guess that the excluded-volume effect on the scaling
law for § will surely be less important than that of hydro-
dynamic interactions.

Table II in ref 12 summarizes the experimental results.
We neglect the data with high M and -y because a devi-
ation from the scaling law 8 = v takes place (see Figure
10 in ref 12). By use of the data for M = 1.7 X 10° with
¥ = 3000 and 6000 s}, M = 2.92 X 10° with v = 1500
and 3000 s™*, and M = 3.09 X 10° with v = 750 and 1500
s}, a log-log plot of 8 versus MW gives « = 3.6 + 0.6.
Although the linear correlation is not high, the good agree-
ment with theoretical and simulation results is signifi-
cant.

It is evident from Tables I and II that HI has an impor-
tant influence on the polymer dimensions. Assuming that
both 6 and 8 scale as y2N* (N — ), the influence of HI
can be characterized by the ratios 8y;/8,,1;- At high N,
they coincide with (R%)y/(R®)pom and (S%)/
(8%)porzr- Results for the former are plotted versus 1/N
in Figure 2, were we try to find the limiting ratio for N
— o, At high N the points seem to cluster near 0.5. The
trend of Byy/Buow is identical. Thus, the values of the
ratio are 0.57 & 0.05, 0,55 + 0.12, 0.50 £ 0.11, and 0.51 +
0.06 for N = 20 and v = 2, 3, 4, and 5. Although our
simulations have an appreciable statistical uncertainty,
we speculate that the limiting values of ratios could be
equal to 1/2. Apart from the exact values of the ratios,
it is evident that the polymer dimensions in shear flows
calculated without HI are roughly twice those obtained
when HI is considered in a rigorous, nonaveraged way.

This finding is relevant not only in regard to the impor-
tance of HI but also from the point of view of the valid-
ity of the dumbbell model for flexible polymer chains. In
ref 2 we found that at moderately high %, (R?)y; was
about 25% larger than (R?) ;. This corresponds to dyyy/
Ononr = 1.25, in contrast with the values around 0.5 found
now for chains. Thus the dumbbell model is misleading
in the study of HI effects in polymer deformation in shear
flow, since it predicts an effect that is incorrect not only
quantitatively but also in its direction.

Stretching of Bonds and Angles. The elongation
of a polymer chain in a flow can be regarded, in the con-
text of the bead-and-spring model, as the composition of
two simultaneous effects. One of them would be the
stretching of the springs, which would represent the elon-
gation of polymer subchains, and the other would corre-
spond to the tendency to alignment of the end-to-end
vectors of the subchains. The latter effect could be char-
acterized by the statistics of the included angles.

In order to characterize the first effect, we have stud-
ied the average squared length of the bonds, denoted as
(b;%), where b, is the vector joining beads i and i + 1.
One expects from physical intuition!® that the central
bond stretches in the flow much more than the terminal
one. For elongational flow and assuming no hydrody-
namic interaction, it has been shown!* that the ratio of
the mean-squared length of terminal bond to that of the
central one scales as N2, We are not aware of similar
predictions for shear flows, with or without HI. In Table
ITT we report results from our Brownian dynamics simu-
lation for the ratio (b.2)/(b,?) where b,? is the mean of
b,? and by_,* and b.? is by,,? if N is even or the mean
of bn_1),2° and boyyyy,5” if N is odd. Our results seem
to indicate a week dependence of the ratio on the shear
rate, although this could be a consequence of the short
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length of the chains considered in our work. This cir-
cumstance and the appreciable simulation uncertainties
prevent us from estimating a power law for the ratio. If
the N2 scaling would hold for shear flows with HI, the
behavior that we observe for our short chains is far from
it. Our most noticeable finding is that when the hydro-
dynamic interaction is included the ratios are remark-
ably smaller than those obtained in the absence of HI.
We even forecast that the scaling law of the ratio with
HI could be different than that without HI.

In regard to the second effect that causes the stretch-
ing of bead-and-spring chains, it can be detected in the
angle o;, with i = 2, ..., N — 1, defined as the angle sub-
tended by the directions of bonds b, ; and b;. In Table
IV we present values for the angle in a trimer and for
the central and terminal angles when N = 8 and 20. We
first note that the for the trimer (cos ;) =~ 0 and v is
as high as 5, a value for which (R?) is about 50% larger
than (R?),. Thus it seems that the primary contribu-
tion to the elongation of the model chain is the stretch-
ing of the springs rather than their alignment. The lat-
ter takes place at high shear rates and depends appre-
ciably on N. We have made no attempt to characterize
the N dependence of (cos «;), but we notice from the
results in Table IV that the central angles deformed in
the shear flow more than the terminal ones and that hydro-
dynamic interaction effects make the deformation smaller
than expected if interaction were absent. Thus our results
including hydrodynamic interactions for varying N com-

plement those from other analytical or simulation
studies.'®6
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Estimation of Free Volume for Gaseous Penetrants in Elastomeric
Membranes by Monte Carlo Simulations
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ABSTRACT: Theoretical aspects of the diffusion of small molecules in elastomeric polymer membranes
are explored using a Monte Carlo simulation to estimate the free volume fraction in two typical siloxane
elastomers. The model took into account the specific chemical structure of the polymer through the rota-
tional isomeric state approximation. Calculated results for the two polymers agree semiquantitatively with

experimentally determined diffusion coefficients.

Introduction

Membranes have found important industrial applica-
tions in the separation of gas mixtures. Such separa-
tions through rubbery polymer membranes is controlled
by molecular diffusion of the penetrant molecules.!?
Fujita? has shown that the binary diffusion coefficient D
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is related to the free volume fraction f by

D(T,¢) = A exp[-B/f(T,¢)] 1)

where T is the absolute temperature, ¢ is the volume
fraction of the penetrant gas, and A and B are constants.
Evaluation of a polymer’s free volume fraction is there-
fore useful in predicting its potential for gas separation.
One way of doing this is by means of molecular simula-
tions. We restrict our simulations here to siloxanes because
they have the highest oxygen permeabilities among rub-
bery polymers.

© 1990 American Chemical Society



